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This paper develops a relationship between the Morse potential and the Murrell-
Mottram’s 2-body potential. By expressing both potentials in terms of a repulsive
term and an attractive term, and approximating Maclaurin’s expansion, comparison of
coefficients and indices of the repulsive and attractive terms leads to parametric con-
nections between these two potential functions. Non-dimensional curves of these poten-
tials at long range show good agreement as compared to those obtained previously. A
set of parametric relationships obtained recently, together with the presently proposed
connections, are useful in paving a way for the development of a potential function con-
verter.
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1. Introduction

Simulation in condensed matter either requires calculation of Schröding-
er equation in the quantum mechanical approach or calculation using empirical
potential energy function. Notwithstanding the exactness of the former, the latter
is especially useful for calculation of very large dynamical system. The concept
of model potentials is based on the Born-Oppenheimer approximation

UTotal =
N∑

n=1

Un-body = U1-body + U2-body + · · · + UN-body (1)

for N number of particles in the system, where Un-body represents the sum of n-
body interaction energies. Since U1-body is the sum of non-interacting particles,
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the total interaction energy of a system of N interacting particles is

U = UTotal − U1-body =
N∑

n=2

Un-body. (2)

Many-body expansions as in BCC or FCC elements are normally truncated after
the 3-body term [1]. For polymeric chains, expansion is truncated after the 4-
body term. The 2-body, 3-body and 4-body terms are also known as the stretch-
ing, bending and twisting energy of bonds, respectively. With the variety of
potential functions, there may exist a need to convert parameters of one poten-
tial function to another due to mismatch in available data corresponding to one
potential function and the purchased software that adopts another set of poten-
tial function.

Recently, mathematical connections between bond-torsion potentials [2]
and bond-bending potentials [3] have been established. For the case of bond-
stretching potential, exact relationship between the harmonic [4], Morse [5] and
Murrell-Mottram [6] potentials has been obtained for near equilibrium, or short
range. As expected, the harmonic and the Morse potentials diverge at bond sep-
aration. On the other hand, the parametric relationships between Morse and
Murrell-Mottram for 2-body – exact at equilibrium – gives a higher potential
energy for the latter than the former by a factor of 2 [7]. As such, the available
parametric relationship between Morse and Murrell-Mottram potential functions
is valid only for short range. In this letter, a long range relationship between
these two potentials is proposed.

2. Analysis

The Morse potential function

UM = DM [1 − exp (−α(r − r0))]
2 (3)

is a commonly used potential function for 2-body interactions in modeling chem-
icals [8], polymeric chains [9] and molecular machines [10,11] whereby DM and
α are the Morse parameters. The Murrell-Mottram potential function exists as a
summation of a 2-body and a 3-body term, and has been proposed for elemental
solids whereby its parameters for 2-body term (DMM and a) are determined by
fitting phonon and elastic constant data, and the lattice energies and lattice con-
stants of crystalline phase [6,12–15]. The 2-body term of the Murrell-Mottram
potential function is given as

UMM = −DMM

(
1 + a

r0
(r − r0)

)
exp

(
− a

r0
(r − r0)

)
(4)
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For both potentials, the coefficients DM and DMM refer to the energy required
to completely separate the two bonded atoms, r refers to the bond length, and
r0 corresponds to the equilibrium bond length. Since the Murrell-Mottram func-
tion for 2-body case gives a minimum well depth of UMM = −DMM at r = r0 and
UMM = 0 as r → ∞, we herein consider a modified Murrell-Mottram function

UMMM = UMM + DMM = DMM

[
1 −

(
1 + a

r0
(r − r0)

)
exp

(
− a

r0
(r − r0)

)]
(5)

to give the minimum UMMM = 0 at r = r0 and UMMM = DMM as r → ∞ so as
to pave a way for relating the Morse and the Murrell-Mottram parameters. In
the present analysis, we recall that the van der Waals potential can be generally
written as

UvdW = Urepul − Uattr (6)

in which the repulsive term (Urepul) is dominant for r � r0 whilst the attractive
term (Uattr) becomes significant for r > r0 whereby a minimum well depth occurs
at the equilibrium bond length while the energy diminishes to zero at infinite
bond separation. For the case of 2-body bonded cases, we generally encounter
the minimum of zero at equilibrium bond length with bond dissociation energy,
D, at atomic separation. Hence

U2-body = Urepul − Uattr + D (7)

in order to conform to both the Morse and the 2-body modified Murrell-Mot-
tram potentials, i.e. equations (3) and (5), at r = r0 and as r → ∞. As such,
comparison between equations (3) and (5) can be made by expressing them in
the form given by equation (7), i.e.

UM = DM [exp (−2α(δr)) − 2 exp (−α(δr)) + 1] (8)

and

UMMM = DMM

[
(a − 1) exp

(
− a

r0
(δr)

)
− a

r

r0
exp

(
− a

r0
(δr)

)
+ 1

]
(9)

whereby δr = r − r0 denote the change on bond length. Both equations (8) and
(9) exhibit the repulsive and attractive energies in the first and second terms on
the RHS, and are thus analogous to equation (7). For long range relationship,
we set

DMM = DM (10)
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in order to allow equal bond dissociation energy. We then recall the Maclaurin’s
expansion for the following terms:

1
1 − x

=
+∞∑
m=0

xm = 1 + x + x2 + x3 + · · · ≈ 1 + x (11)

and

exp(−x) =
+∞∑
m=0

(−x)m

m!
= 1 − x1

1!
+ x2

2!
− x3

3!
+ · · · ≈ 1 − x. (12)

Based on equations (11) and (12), substituting

r

r0
= 1 + δr

r0
≈

(
1 − δr

r0

)−1

≈
[

exp
(

−δr

r0

)]−1

= exp
(

δr

r0

)
(13)

into the attractive term of equation (9) leads to

UMMM = DMM

[
(a − 1) exp

(
− a

r0
(δr)

)
− a exp

(
−a − 1

r0
(δr)

)
+ 1

]
. (14)

Comparing the coefficients of equations (8) and (14), we have

a = 2. (15)

Substituting equation (15) into equation (14) and comparing the exponential
indices, we note that

1
r0

= α. (16)

Substituting equations (10) and (15) into equation (9), and applying equation
(16) only to the exponential indices, we arrive at

UMMM = DM

[(
1 − 2

r

r0

)
exp (−2α(δr)) + 1

]
, (17)

i.e. the modified Murrell-Mottram potential in terms of Morse parameters.

3. Results

For verification, we plot the non-dimensionalized 2-body potential (U/DM)
versus the non-dimensionalized interatomic distance (r/r0) for C–H bond and
C–C bond in a polymeric chain, based on data by Noid et al. [16], as furnished
in table 1. Figure 1 shows the Morse potential curves, and the Murrell-Mottram
2-body potential using Morse parameters on the basis of short range relationship
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Table 1
Potential energy parameters for polyethylene.

Bond type α (nm−1) r0(nm)

C-H 17.5 0.109
C-C 19.4 0.153

Figure 1. Murrel-Mottram’s 2-body approximation to Morse potential short range relationship
developed by Lim [7] (bold curves indicate Morse potential, thin curves indicate Murrell-Mottram’s

2-body potential).

DMM = 2DM (18)

and

α = a

r0
(19)

as previously obtained [7]. In this short range relationship, we have

UM = UMMM = 0,

∂UM

∂r
= ∂UMMM

∂r
= 0, r = r0,

∂2UM

∂r2
= ∂2UMMM

∂r2

(20)

at equilibrium bond length but

UMMM = 2UM, r → ∞ (21)

for bond dissociation [7]. Exact agreement between both potentials at equilib-
rium bond length enables the overall repulsion and attraction to be observed for
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Figure 2. Murrel-Mottram’s 2-body approximation to Morse potential long range relationship
developed herein. (bold curves indicate Morse potential, thin curves indicate Murrell-Mottram’s 2-

body potential).

r < r0 and r > r0, respectively, as shown in figure 1. The only drawback for the
short range relationship lies in cases where the bond length is far from equilib-
rium, thereby leading to doubling of required energy for bond rupture according
to Murrell-Mottram’s 2-body potential.

Figure 2 shows the Morse potential curves as before, but with the Murrell-
Mottram potential using Morse parameters on the basis of long range re-
lationship proposed herein, as described in equation (17). In this long range
relationship, we have

UM = UMMM = 0,

∂UM

∂r
�= ∂UMMM

∂r
, r = r0

∂2UM

∂r2
�= ∂2UMMM

∂r2

(22)

at equilibrium bond length, but

UMMM = UM = DM, r → ∞ (23)

for bond rupture. Gross underestimation of the potential energy occurs for r <

r0 in the Murrell-Mottram’s long range approximation to the Morse potential.
However, reasonable correlation between both potentials are observed for r >

r0, and especially so with the increase of interatomic distance, as evident from
figure 2.
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4. Conclusions

Previous relationship between Murrell-Mottram’s 2-body potential and the
Morse potential was obtained by equating the potential energy, the slope and
the curvature at the bond equilibrium length that leads to valid relationship only
at short range interatomic displacement [7]. The present approach of extract-
ing and identifying the repulsive and attractive terms enable long range relation-
ship between these two potentials to be obtained. The long range relationship
developed herein between these two potentials gives superior approximation for
r > r0 but inferior correlation for r < r0. The presently obtained relationship,
together with previously formulated relationship between n-body (n = 2, 3, 4)

and non-bonded potential functions [2,3,7,17–21] will be used for refining an
existing potential function converter [22,23] to convert parameters from one set
of potential function to another set of potentials adopted in computational con-
densed matter software.
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